This paper studies the Yang-Lee edge singularity of 2-dimensional (2D) Ising model through a quantum spin chain. In particular, finite-size scaling measurements on the quantum spin chain are used to determine the low-lying excitation spectrum and central charge at the Yang-Lee edge singularity. The measured values are consistent with predictions for the (A4, A1) minimal conformal field theory.
compares the measured low-lying excitation spectrum with predictions based on Cardy's identification of the (A 4 , A 1 ) minimal CFT with this Yang-Lee edge singularity of the 2D Ising model. [4, 8, 10] In this article, measurements [11] are based on finite-size scaling in quantum spin chains. For the 2D Ising model in an imaginary external magnetic field, the associated N -site quantum spin chain has a Hamiltonian, H Ising , given by: [12] H Ising = − N n=1 {tσ z (n)σ z (n + 1) + iBσ z (n) + σ x (n)} .
(
In Eq. (1), σ x (n) and σ z (n) are 2x2 Pauli spin matrices at site n, the parameter "t" is a positive coupling for ferromagnetic spin-spin interactions, and iB is a purely imaginary external magnetic field. In Eq.
(1), the last term results from single inter-row spin flips in the associated 2D transfer matrix. [13] In this article, the phenomenological renormalization group (PRG) is used to determine critical values of the purely imaginary magnetic field, iB Y L (N ), for various chain lengths, N. For such purely imaginary magnetic fields, the PRG equation becomes: [14, 8] [
In Eq. First, CFT predicts how excitation energies will scale with the length, N, of the quantum spin chain. For an excited energy eigenstate "i" of the quantum spin chain, the CFT prediction is that the excitation energy, E i (N ) − E 0 (N ), will scale as: [15] 
In Eq. (3), ∆ i and∆ i are left and right conformal dimensions of the field "i" in the associated CFT, and ∆ and∆ are the conformal dimensions of the primary field of lowest "negative" scaling dimension in the CFT. Such negative dimension fields occur in various non-unitary CFTs. In Eq. (3), the constant ζ is non-universal and depends, e.g., on the normalization of the Hamiltonian of the quantum spin chain. Second, CFT predicts how the ground state energy, E 0 (N ), will scale with the length, N, of the quantum spin chain. In particular, the ground state energy scales as: [17, 16] 
While the constants A and B are non-universal, C ef f and the exponents of the finite-size corrections in 1/N of the last two terms are universal numbers predicted by CFT. In particular, C ef f , is the effective central charge of the CFT. C ef f is defined by C ef f = C − (∆ +∆) where "C" is the normal central charge of the CFT. [8] For the minimal CFTs, the ADE classification provides modular invariant partition functions [7, 18] from which the low-lying excitation spectrum and central charge are easily extracted. For the (A 4 , A 1 ) minimal CFT, Table 1 shows the low-lying excitation energies and associated degeneracies of the spectrum obtained from the associated modular invariant partition function of the ADE classification. Rather than absolute excitation energies, Table 1 Table 1 : Low-lying excitation spectrum of (A 4 , A 1 ) minimal CFT ized excitation energies, i.e., ratios. For a state "i", the associated normalized excitation energy is defined as the ratio is the actual excitation energy of the state "i" over the actual excitation energy of the lowest excited state "1". Here, absolute excited energies are measured with respect to the ground state energy. The ratios of Table 1 have the advantage of not depending on non-universal constants such as ζ. For the (A 4 , A 1 ) minimal CFT, the form of the modular invariant partition function also implies that the effective central charge, C ef f , is equal to 2/5. [8] Below, finite-size scaling measurements on the Ising quantum spin chain are used to determine the low-lying excitation spectrum and effective central charge at the Yang-Lee edge singularity. The measurements of the critical magnetic fields, B Y L (N ), were obtained by numerically solving PRG eq. (2) for Ising quantum chains of different lengths. For the numerical solutions, the state energies were obtained by applying the Lanczos algorithm to H Ising of eq. (1). Table 2 shows the values for the critical fields, i.e., B Y L (N )'s, ground state energies, and lowest excitation energies, i.e., Gap(N)'s, as obtained via the Lanczos algorithm. Table 2 lists measurements of these physical quantities for Ising quantum spin chains in which the coupling, t, had the value of 0.1. The measurements of Table 2 also show that NxGap(N) scales to a constant as N → ∞ as expected for the PRG.
Based on the finite-size scaling measurements of Table 2 , we first evaluated the effective central charge, C ef f , at the Yang-Lee edge singularity of the 2D Ising model to test the numerical methods. In particular, ground state energies for adjacent triplets of chain lengths [(N-1), N, (N+1)] and an estimate, ζ(N ), for the non-universal constant, ζ, were used to solve Eq. (4) for estimates, i.e., C ef f (N )'s, to the effective central charge, C ef f . In each evaluation, the Gap(N) The critical magnetic field values of Table 2 , i.e., the B Y L 's, were also used to find the low-lying excitation spectra of Ising quantum spin chains of various lengths. While the Lanczos algorithm can provide the low-lying excitation spectra, it is inconvenient for determining the complete low-lying excitation spectrum. In particular, the Lanczos algorithm requires one to select a starting vector and then, produce a Krylov space over the starting vector. For simple choices of the starting vector, we found that the Lanczos algorithm spreads the low-lying excitations over several Krylov spaces. Thus, an evaluation of the complete low-lying excitation spectrum via the Lanczos algorithm would require finding a first Krylov space and then, finding other Krylov spaces orthogonal to the first space. To avoid such numerical complications, we used the commercial linear algebra package of Maple T M 9.5 to generate complete excitation spectra.
The Maple T M package provided excitation spectra for Ising quantum spin chains with 6 -12 sites. The measured low-lying parts of said spectra including both energies and degeneracies are provided in Table 3 . There, the excitation energies are again normalized by division by the lowest excitation energy of the Ising quantum spin chain. As already described, such a normalization removes any dependence on the non-universal constant ζ. From the measured spectra of Table 3 , one can determine the form of the low-lying excitation spectrum in the limit where 1/N → 0. The determination requires first, identifying classes of eigenstates that correspond for different chain lengths and then, determining the scaling behavior for each of the identified classes as, 1/N → 0. The identification of corresponding eigenstates for different values of N is achieved with the aid of some simple rules. The first rule is that the energies of corresponding states vary monotonically and smoothly with N provided that the initial value of N is sufficiently large. The second rule is that the correspondences between states must account for degeneracies. In particular, while new eigenstates appear as N increases, old eigenstates do not disappear.
1 Thus, in each class, degeneracies of eigenstates either stay constant or increase with N. (8), and 7.60(7), respectively, in this limit.
3 These finite-size scaling measurements of the low-lying excitation energies agree well with those of the (A 4 , A 1 ) CFT as shown in Table 1 .
Also, an inspection of Table 3 shows that the distinct state sets A, B & C, D, and E & F, of different limiting excitation energies have 2, 3, 2, and 4 states, respectively. Thus, the PRG measurements of the normalized excitation spectra also provide values for the degeneracies that agree well with those of the (A 4 , A 1 ) CFT of Table 1 .
In conclusion, our finite-size scaling measurements on the Ising quantum spin chain at the Yang-Lee edge singularity have produced a low-lying excitation spectrum that is in very good agreement with that predicted from the (A 4 , A 1 ) minimal CFT. These results further confirm Cardy's identification of the YangLee edge singularity of the 2D Ising model with the (A 4 , A 1 ) minimal CFT.
